TRIANGULATIONS OF PROJECTIVE MODULES 



MARK HOVEY AND KEIR LOCKRIDGE 

Abstract. We show that the category of projective modules over a graded commutative 
ring admits a triangulation with respect to module suspension if and only if the ring is 
a finite product of graded fields and exterior algebras on one generator over a graded 
field (with a unit in the appropriate degree). We also classify the ungraded commutative 
rings for which the category of projective modules admits a triangulation with respect to 
the identity suspension. Applications to two analogues of the generating hypothesis in 
algebraic topology are given, and we translate our results into the setting of modules over 
a symmetric ring spectrum or S-algebra. 
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1. Introduction 

In the stable category of spectra, Freyd's generating hypothesis ([H §9]) is the conjecture 
that any map of finite spectra inducing the trivial map of homotopy groups must itself 
be trivial. The global version of this conjecture - that this is true for all maps of spectra 
- is easily seen to be false. The present work was motivated by the following question: 
what must be true about a triangulated category in order for it to support a global version 
of the generating hypothesis? We will show that this question is related to the following 
strictly algebraic one: for which rings does the associated category of projective modules 
admit a triangulation? This question can be addressed without reference to any form of 
the generating hypothesis; this is done in section 2 for commutative rings. In section 3, 
we make explicit the relationship between this algebraic question and two forms of the 
generating hypothesis; there is slightly more at issue, however, than whether projective 
modules admit triangulations. In the final section, we simply translate our work into the 
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setting of ring spectra (symmetric ring spectra or S'-algebras), where we define semisimple 
and von Neumann regular ring spectra and discuss their classification. 

First, we establish notation. Let R be a graded ring. By a module we mean a graded 
right -R-module. Let V be the category of projective i?-modules, and let Vf denote the 
category of finitely generated projective .R-modules. For any i?-module M, write M[n] 
for the shifted module with M[n]i = Mi_ n . For any element m € M, denote by \m\ the 
degree of m. Write Homj(M, iV) for degree k module maps from M to N; observe that 
Homfc(M, N) = Homo (M [A;], N). If M is an i?-i?-bimodule (or, if R is graded commutative), 
then, for any element x € R of degree i, let x ■ M denote the right module map from M[i] 
to M induced by left multiplication by x. 

We assume that the reader is somewhat familiar with triangulated categories. In brief, 
a triangulated category is an additive category T together with an automorphism E of T 
called suspension and a collection of diagrams called exact triangles of the form 

A *- B >■ C >■ EA 

satisfying several axioms (see A. 1.1] or [13] or [H]). Using the suspension functor, one 
can view the morphism sets in T as graded groups: define [X,Y] k = H.om T (Z k X,Y) and 

[X,Y]. = Q[X,Y] k . 

It seems natural, therefore, to consider one of two possibilities for E on V or Vf. If £(— ) = 
(— )[1], then [M, iV]* is the graded group of graded module maps from M to N. Alternatively, 
we could consider S = 1, the identity functor. When R is concentrated in degree zero, one 
then obtains a triangulation of the category of ungraded projective (or finitely generated 
projective) i?-modules by identifying this category with the thick subcategory of V (or Vf) 
generated by the modules concentrated in degree zero. Usually, we will assume that the 
suspension functor is of the form E = (— )[n] for some n. 

For convenience, we will use the term A n -ring to refer to any ring for which V admits a 
triangulation with suspension E = (—)[«] and AJ-ring for any ring for which Vf admits a 
triangulation with suspension E = (— )[n]. Our goal is to characterize the graded commu- 
tative rings R for which the categories V and Vf admit triangulations. In particular, we 
prove 

Theorem 1.1. Let V be the category of projective modules over a graded commutative ring 
R. V admits a triangulation with suspension E = (— )[1] if and only if R = R\ x • • • x R n , 
where each factor ring Ri is either a graded field k or an exterior algebra k[x]/(x 2 ) over a 
graded field k containing a unit of degree 3\x\ + 1. 

In the ungraded case, we have 

Theorem 1.2. Let V be the category of projective modules over a commutative ring R. V 
admits a triangulation with suspension E = 1 if and only if R = R\ x • • • x R n , where each 
factor ring Ri is either a field k, an exterior algebra k[x]/(x 2 ) over a field k of characteristic 
2, or T/(4), where T is a complete 2-ring. 
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A complete 2-ring is a complete local discrete valuation ring of characteristic zero whose 
maximal ideal is generated by 2 (see [1 1 1. p. 223]). In [12], it is shown that the category of 
finitely generated projective T/(4)-modules admits a unique triangulation, and we use their 
methods to construct triangulations for the rings appearing in the above two theorems. 

Let T be a triangulated category, and let S G T be a distinguished object. Write 7r*(— ) 
for the functor [S, — ]*. We say that T satisfies the global generating hypothesis if 7r* is a 
faithful functor from T to the category of graded right modules over n*S. In the following 
application of Theorem 11.11 we assume that T is a monogenic stable homotopy category as 
defined in [5]. Certain conclusions can be drawn with weaker hypotheses; this should be 
clear in the proof. 

Corollary 1.3. Let T be a monogenic stable homotopy category with unit object S. T 
satisfies the global generating hypothesis if and only if 

(1) R = R\ x • • • x R n , where Ri is either a graded field k or an exterior algebra k[x]/(x 2 ) 
over a graded field containing a unit in degree 3\x\ + 1 (R is a A 1 -ring), and 

(2) for every factor ring of R of the form k[x]/(x 2 ), x ■ ir*C ^ 0, where C is the cofiber 
of x ■ S. 

The thick subcategory generated by S (thick (S)) is the smallest full subcategory of T 
that contains S and is closed under suspension, retraction, and exact triangles. We say that 
T satisfies the strong generating hypothesis if, for any map / : X — > Y with X G thick(5) 
and Y G T, 7r*/ = implies / = 0. Regarding the strong generating hypothesis, we have 
the following corollary. If p is a prime ideal, write R p for the localization of R at p. 

Corollary 1.4. Assume the hypotheses of Corollaru \1.3[ IfT satisfies the strong generating 
hypothesis, then, for any prime ideal p, Rp is either a graded field k or an exterior algebra 
k[x]/(x 2 ) with a unit in degree 3|x[ + 1. If R is local or Noetherian, then T satisfies the 
strong generating hypothesis if and only if it satisfies the global generating hypothesis. 

We would like to thank Sunil Chebolu, who informed us of his work with Benson, Chris- 
tensen, and Minac on the global generating hypothesis in the stable module category. It 
is his presentation of the material in [1] that led us to consider the questions raised in the 
present paper. 

2. Triangulations of projective modules 

It is in this section that we prove Theorems 11.11 and 11.21 Before we begin, we make a 
simple observation that we will use frequently. Suppose V (or Vf) is triangulated. If we 
apply the functor [R, —]q to an exact triangle 

A — 5 — C — EA, 

then we must obtain a long exact sequence of i?-modules. Hence, any exact triangle is exact 
as a sequence of -R-modules. ('Exact' at TiA means ker(— £/) = im/i.) 
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First we show that if V admits a triangulation, then R must be a quasi-Frobenius ring, 
and if Vi admits a triangulation, then R must be an IF-ring. A ring T is quasi-Frobenius 
if it is right Noetherian and right self-injective. This condition is right-left symmetric, and 
the quasi-Frobenius rings are exactly the rings for which the collections of projective and 
injective modules coincide. In fact, a ring is quasi-Frobenius if and only if every projective 
module is injective, if and only if every injective module is projective. A ring T is injective- 
flat (an IF-ring) if every injective module is flat. Note that IF-rings are coherent ([H 6.9]), so 
all A ra -rings and Aj-rings are coherent. More information on quasi-Frobenius and IF-rings 
may be found in [91 §15] and [U §6]. 

Proposition 2.1. IfV admits a triangulation, then R is quasi-Frobenius. 

Proof. Let M be an i?-module. There is a map / : A — > B of projective modules whose 
cokernel is M. This map must lie in an exact triangle in V, 

A — B C £A 

Exactness at B implies that M is isomorphic to a submodule of the projective module C. 
If M is injective, then it must be a summand of C and therefore projective. Hence, every 
injective -R-module is projective, and R is quasi-Frobenius. ■ 

Proposition 2.2. IfVf admits a triangulation, then R is an IF-ring. 

Proof. In light of the proof of Proposition 12.11 we see that every finitely presented module 
embeds in a finitely generated projective module. By [31 6.8], R is an IF-ring. ■ 

Remark 2.3. When R is quasi-Frobenius, one can form StMod(-R), the stable module 
category of R. The objects of StMod(i?) are i?-modules and the morphisms are i?-module 
maps modulo an equivalence relation: two maps are equivalent if their difference factors 
through a projective module. StMod(it!) is a triangulated category. If M is an R module, 

then the Heller shift of M, written OM, is the kernel of a projective cover P(M) . 

This descends to a well-defined, invertible endomorphism of the stable module category, 
and f2 _1 is the suspension functor for the triangulation of StMod(i2). In Proposition 12.11 
the exact triangle gives rise to three short exact sequences: 







M 



C 



£ ker / 











ker / 



A 



imf 











imf 



B 



M 



0. 



Together they imply that, if V admits a triangulation, then ft 3 T l M = M. This observation 
was made by Heller in [6]. 
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The following proposition shows that a triangulation imposes a severe restriction on the 
local rings that may occur. 

Proposition 2.4. Suppose V (orVf) admits a triangulation. If R is a graded commutative 
local ring with maximal ideal m, then m is principal and contains no nontrivial proper ideals. 

Proof. First, we observe that, even if R is neither graded commutative nor local, it must 
satisfy the double annihilator condition anm ann r Rx = Rx. Let x G R, and let i = \x\. We 
have an exact triangle in V 

R[i] — ^ R P Ei2[i]. 

Observe that im (f> = ann r Rx, and if y G ann^ ann r Rx, then {y ■ R) o (f> = 0. Exactness at 
R[i] therefore implies that ann; ann r Rx = Rx. 

For the remainder of the proof, we assume R is graded commutative and local. Since V 
(or Vf) is triangulated, R is coherent; this implies that ann(x) is finitely generated for all 
x G R. 

Consider x £ m. We now show that x 2 = 0. Since (x • P) o tp = ip o (x • R) = 0, we obtain 
a factorization x ■ P = f o (f>, where f : im<fi — ► P. Since im0 = ann(x), (x ■ P) o f = 0. 
Hence, x 2 P = 0. Since R is local, P is free (P is nontrivial since x is not a unit). Therefore 
x 2 = 0. 

Fix a nonzero element x G m. We next show that ann(x) = (x). Note that P is an 
extension of finitely generated modules and is therefore finitely generated. Let e\, . . . ,e n 
generate P, let fa = 4>( e i)i an d let ip(l) = Sejtj. Since x is nonzero, im</> = ann(x) C m; 
hence, <fi(ei<fii) = (j)f = 0, and exactness at P provides an element Z{ <G R such that tp( z i) = 
ej^j. This implies that = when i 7^ j, and Uzi = (pi. Since im<^> = ann(x), the 
elements fa generate ann(x). Let t = t\ + ■ ■ ■ + t n and consider q = T,faai £ ann(x). We 
have t(Ezidi) = q, so ann(x) C (t). Since ip o (x • R) = 0, we obtain tjX = for all i. Hence, 
(t) = ann(x). Since x 7^ 0, t is not a unit, so (i) C ann(t) = annann(x) = (x). This proves 
that ann(x) = (t) = (x). Further, it is worth remarking that P must be free of rank 1. 
Suppose n > 2. It is clear that e\x and C2X are in the kernel of 4>. Hence, for some a,b G R, 
e±x = ip(a) and e2X = ^(fe). This means that e±xb — e2xa = 0, forcing a, b G ann(x) = (x). 
But since ijX = for all i, it must be the case that e±x = ip(a) = Sejtja = 0, a contradiction. 

Finally, we show that m must be the unique, proper, nontrivial, principal ideal of R. 
Suppose a G m and b G R have the property that ab 7^ 0. Then, a G ann(a&) = (ab). Hence, 
there is an element k G R such that a(l — bk) = 0. Since R is local, this forces a to be zero 
or b to be a unit. Now consider two nonzero elements x, y G m. We have x G ann(y) = (y) 
and y G ann(x) = (x), so (x) = (y). This forces m to be the unique, proper, nontrivial, 
principal ideal of R. ■ 

Proposition 2.5. Let R be a graded commutative local ring with residue field k. IfV (or 
Vf) admits a triangulation with suspension S = (— )[n], then R is either 

(1) the graded field k, 



(i 
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2 if 



(2) an exterior algebra k[x]/(x 2 ) with a unit in degree 3\x\ + n, where char A; 
n = 0, or 

(3) n is even and R = T/(4), where T is the unique (up to isomorphism) complete 
2-ring with residue field k (of characteristic 2) containing a unit in degree n. 



Proof. In the proof of Proposition 12.41 we showed that the cofiber of x ■ R is free of rank 1 
for any nontrivial element x in the maximal ideal m. Hence, any such x fits into an exact 
triangle of the form 



(1) 



R[i] 



R 



R[j\ 



R[i + n], 



where i = \x\ and v and w are units. One can check that = 3i + n. 

Suppose R contains a field. As such, R is a ring of equal characteristic; since it is 
complete, it contains a field isomorphic to k = R/m ([HI 28.3]). So either m = and R is 
a graded field, or m = (x) for some (by Proposition 12. 4p and R is isomorphic to the 

exterior algebra k[x]/(x 2 ). In the latter case, we just observed that k must contain a unit 
of degree 3i + n. 

If p is a unit for all primes p, then R contains the field Q. If p is not a unit for some 
prime, then either R has characteristic p and contains a field, or p is nonzero and is in 
the maximal ideal. If p is in the maximal ideal m, then by Proposition 12.41 we must have 
m = (p). If n is odd, this is not possible: since p has degree zero, we saw above that there 
must be a unit of degree 3 • + n, which is odd. But if s is an odd unit, then 2s 2 = by 
graded commutativity; this forces 2 = 0, contradicting m = (p). 

It remains to consider the case where n is even and m = (p) for some prime p. Let T be 
the unique (up to isomorphism) complete p-ring with residue field k (see §29]). By the 
discussion on p. 225 of [TT], since R is a complete local ring of unequal characteristic, it 
contains a coefficient ring A =■ T/(p 2 ). Further, it is observed in the proof of p31 29.4] that 
every element can be expanded as a power series in the generators of the maximal ideal 
with coefficients in A. Since the maximal ideal is generated by p G A, we obtain R = A. 
To see why p = 2, consider the rotation of triangle (pQ), 



vp r , wp 
R — R[j] R[n] 



The map k in the diagram 



R\n] 



P V P r , W P r , 

R — R — R[jr] — ^ R[n] 
i 

V I K 

Y 

vp . . wp . — p 

R R[j) R[n] — - R[n] 



must exist. Hence, Kvp = wpv = —pnv, so 2p = 0. This forces p = 2. 

When n = and R = k[x]/(x 2 ), an argument similar to the one just given shows that 
char k = 2. ■ 
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We next show that, for n = and n = 1, the rings in the conclusion of Proposition 12.51 
are A n -rings. 

Proposition 2.6 ([E]). If T is a complete 2-ring, then T/(4) is a A°-ring. 

Proof. In |12j . a triangulation of Vf is constructed for any commutative local ring of charac- 
teristic 4 with maximal ideal (2), but the proof in fact shows that V admits a triangulation. 
These rings are exactly the rings of the form T/(4) (where T is a complete 2-ring). Cer- 
tainly, any ring of the form T/(4) is of the type discussed in [12] . and in Proposition 12.51 it 
is shown that any commutative local ring of characteristic 4 with maximal ideal (2) is of 
the form T/(4). ■ 

Proposition 2.7. Every graded field k is a A n -ring for all n. Every exterior algebra 
k[x]/(x 2 ) with a unit in degree 3\x\ + n is a A n -ring, provided n and \x\ are not both even 
when char k ^ 2. 

Proof. We will use a graded version of the construction presented in |12| . Fix n > 0. We 
will work in the category of differential graded modules over a differential graded algebra 
A, where the degree of all derivations is —n. So if x, y £ A, 

d(xy) = d(x)y + (-l) n ^xd(y). 

This category admits a triangulation with suspension functor (—)[«]■ For example, if u € A 
has degree i, then there is an exact triangle 

A[i] — A >■ A © A[i + n] ^ A[i + n], 

where the differential on A[j] is {—l) 3 d and the differential D on A © A[i + n] is 

D(a, b) = (da + ub, (-l) l+n db). 

Let A = k with zero differential. Trivially, the homology of any differential graded A- 
module is projective, so homology induces an equivalence of categories from D(A) (the 
derived category of A) to V = Mod(A;) by Proposition 13.11 (4). 

For the exterior algebra k[x]/(x 2 ) with a unit v in degree 3\x\ +n, we use the differential 
graded algebra constructed in [12]. Let % = \x\, and let a and u be symbols with degrees 
\a\ = 2i + n and \u\ = i. Let A = k{a, u)/I, where / is the two sided ideal generated by the 
homogeneous elements a 2 and au + ua + v (here we see why the existence of the unit v is 
necessary). Define the differential on A by da = u 2 and du = 0. One can check that this 
differential is well-defined; if i and n have opposite parity, then v has odd degree, and so 
char k = 2 by graded commutativity and signs do not matter. If i and n are both odd, then 
the signs work out independent of the characteristic of k. The differential is not well-defined 
if i and n are both even and char A; ^ 2; fortunately, if n = 0, char/c = 2 is forced (see 
Proposition I2.5|) . 

As in [12], it is straightforward to check that H*A = k[x]/(x 2 ), where x is the homology 
class of u, and for any differential graded j4-module M, H*M is projective. Again we see 
that homology induces an equivalence of categories from D(A) to V. ■ 
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Observe that, for any integer n, every A n -ring is a A^-ring. For if V admits a triangula- 
tion, then thick(i?) admits a triangulation. Since R must be Noetherian, thick(-R) = Vf. 
Propositions 12.61 and 12.71 now imply 

Proposition 2.8. Let n G {0,1}. Every ring R in the conclusion of Proposition [275\ is a 
A n -ring. Hence, the classes of graded commutative local A n -rings and graded commutative 
local A j -rings coincide. 

According to [9, 15.27], a commutative ring is quasi- Frobenius if and only if it is a 
finite product of local Artinian rings with simple socle. The following proposition allows 
us to restrict our attention to the local case. Combined with the above characterization of 
commutative local A ""-rings for n S {0, 1}, this completes the proofs of Theorems 1 1 . 1 1 and 
[j~2l 

Proposition 2.9. Suppose R = A x B. The category of projective R-modules admits a 
triangulation if and only if the categories of projective A-modules and projective B -modules 
each admit a triangulation. The same is true for finitely generated projective modules. 

Proof. This is a consequence of the fact that Mod(i?) ^ Mod(A) x Mod(B). ■ 

As a final note, we broaden the scope of the second statement of Proposition 12.81 

Proposition 2.10. Let n € {0, 1}. The classes of graded commutative Noetherian A n -rings 
and graded commutative Noetherian AJ -rings coincide. 

Proof. It suffices to check that every commutative Noetherian A^-ring R is a A"-ring. Since 
R must be an IF-ring (Proposition 12.21) . it must be a commutative Noetherian self-injective 
ring ([H 6.9]). This makes R quasi-Frobenius by definition, and therefore a product of 
local rings, each of which must be a A n -ring by Proposition 12.81 (since each local ring is a 
Aj-ring). Hence, R is a A n -ring. ■ 

3. The generating hypothesis 

We now give an application of the above classification to the global generating hypothesis. 
First, we make a general observation. A triangulated category T is cocomplete if arbitrary 
coproducts exist in T . We call a 7r*£-module M realizable if there is an object X € T such 
that 7r*X = M. If T is cocomplete, then idempotents split in T ([2]), so every projective 
7r*5-module is realizable as ir*Y ', where Y € (S)°, the collection of retracts of coproducts 
of suspensions of S. Hence, 7T* induces an equivalence of categories 

$ : (S)° — ► V 

(recall that V is the category of projective 7r*5-modules). Write loc(5) for the localizing 
subcategory generated by S (the smallest full subcategory of T containing S that is thick 
and closed under arbitrary coproducts). If T = \oc(S), then we say that S generates T. We 
have the following equivalent forms of the global generating hypothesis; for this proposition, 
we do not require tt^S to be graded commutative. 
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Proposition 3.1. Let T be a cocomplete triangulated category. The following are equiva- 
lent: 

(1) T satisfies the global generating hypothesis. 

(2) T = (S)° , the collection of retracts of arbitrary coproducts of suspensions of S. 

(3) The functor 7r*(— ) is full and faithful. 

If S is a compact generator of T, then these conditions are equivalent to 

(4) Every realizable module is projective. 

If any one of the above conditions is satisfied, then the category V of projective right ir*S- 
modules admits a triangulation with shift functor £ = (— )[1]. 

Proof. (1) (2). Assume T satisfies the global generating hypothesis. Let Y be an 

object of T. Using a generating set for the 7r* S- module n*Y , construct a map / : X — ► Y 
such that X € (S)° and 7T*/ is surjective. This map fits into an exact triangle 

X — ^ Y — 9 -+ Z >■ EX 

Since ir*f is surjective, ir*g = 0. By the global generating hypothesis, g = 0, forcing Y to 
be a retract of X. Hence, T = (S}°. 

(2) ==> (3). This implication is trivial, since $ is an equivalence of categories. 

(3) ==> (1). This implication is true by definition of the global generating hypothesis. 
(2) ==> (4). This implication is trivial. 

(4) (2). Assume S is compact. For any X <G loc(5), tt*X = if and only if X is 
trivial. Consequently, for any map / in loc(5), 7r*/ is an isomorphism if and only if / is an 
equivalence. Now fix X € loc(S). Since tt*X is projective, there is a map / : Y — ► X such 
that Y G (S)° C loc(5) and it*f is an isomorphism. Hence, X is equivalent to Y. Since 
T = loc(S), the implication is established. 

If any of these conditions hold, then $ may be used to endow V with a triangulation. In 
this triangulation, £ = (— )[1] since 7r*SA — Ti*—\X — 7r*A[l]. H 

Remark 3.2. Suppose T satisfies Brown Represent ability (i.e., cohomological functors are 
representable) ; for example, this holds in any cocomplete, compactly generated triangulated 
category. If / is an injective 7r*5-module, then the functor Homo(vr*(— ), I) is a cohomological 
functor on T, hence representable by an object E(I) € T. In this situation, Tr*E(I) = I, 
so every injective module is realizable. If every realizable module is projective, then every 
injective module is projective. Similarly, if every realizable module is injective, then every 
projective module is injective. In either case, ir*S is quasi-Frobenius, and the injective, 
projective, and realizable modules coincide. Hence, if T satisfies Brown Represent ability, 
then it satisfies the strong generating hypothesis if and only if the realizable modules and the 
projective modules coincide, if and only if the realizable modules and the injective modules 
coincide. 

In the graded commutative case, then, we see that if T satisfies the global generating 
hypothesis, then ir^S must be a product of fields and exterior algebras on one generator 
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by Theorem 11.11 However, the converse of this statement if false; the triangulation on V 
may not be induced by ir*. For example, consider the stable module category StMod(fc[G]) 
associated to a finite p-group G and field k of characteristic p. In StMod(A;[G]), 7r*5 = 
H(G;k), the Tate cohomology of G. For n > 1, #(Z/(3 n );F 3 ) F 3 [y, y- 1 ][x]/(x 2 ), where 
|sc| = 1 and \y\ = 2. However, it is shown in pQ that StMod(F3[Z/(3)]) satisfies the 
global generating hypothesis, though StMod(F3[Z/(3 n )]) does not for n > 2. The relevant 
condition is included in Corollary 11.31 which we now prove. 

Proof of Corollary \1.3l First, note that every stable homotopy category has a symmetric 
monoidal structure (for which S is the unit) compatible with the triangulation. This forces 
R = tt*S to be graded commutative ([5J A. 2.1]). Further, we may use the monoidal product 
to take any element x G ir^S and obtain a map x-X for any X G T. For example, if e G tt*S 
is idempotent, then e • X is an idempotent endomorphism of X. Since idempotents split, 
there is a decomposition X ~ YvZ such that tt^Y = eir^X and tt^Z = (1 — e)7r*X (see [SI 
1.4.8]). 

Suppose T satisfies the global generating hypothesis. By Proposition 13. 1\ the category V 
of projective modules over ir*S admits a triangulation with suspension functor (— )[1]. By 
Theorem ll.il condition (1) is satisfied, and tt^S = R\ x • • ■ x R n , where Ri is either a graded 
field k or an exterior algebra k[x]/ (x 2 ). Since idempotents split in T, S = A\\/ ■ ■ ■ vA n , where 
Tr*Ai = Ri. The cofiber Cj of x ■ Ai is a summand of C, the cofiber of x ■ S. Since n^Ci 
must be a nontrivial free -Rj-module, x ■ Ci ^ 0. This proves (2). 

Conversely, if condition (1) holds, then R and S admit decompositions as above. We now 
show that it suffices to assume R is local. Let % = loc(Aj); loc(^4j) is an ideal by [HI 1.4.6]. 
Every X G T admits a decomposition X = X±v ■ ■ ■ vX n , where Xi £ % (take Xj = AiAX). 
We claim that this decomposition is orthogonal, in that Hom<7-(7i, Tj) = whenever i ^ j 
(i.e., every map from an object in % to an object in Tj is trivial). First, observe that if 
i j, then any map / : Ai — > Aj is trivial, as follows. It suffices to show that the induced 
map /* : Ri — > Rj is zero. Let G tt*S be the idempotent corresponding to R^- We 
now have /*(x) = /*(ejx) = ej/*(x) = 0, for all x G Ri. So indeed, L4j,A,-]* = 0. Now, 
[Ai, — ]# vanishes on loc(A,-) since Ai is compact; therefore [— ,X]* vanishes on loc(^4j) for 
any X G loc(^4j). In summary, there is an orthogonal decomposition 

T = loc(5) ^Tiv-vT n . 

We now see that tt* is faithful on T if and only if the functors [Ai, — ]* are faithful on % for 
i = 1, . . . , n. It therefore suffices to assume that R is a local ring. 

We must now show that if R = tt*S is local and satisfies conditions (1) and (2), then 7r* is 
faithful. By Proposition 13.11 (4). we need only check that tt^X is always projective (or free, 
since R is local). If R is a graded field, then this is trivially true. If R = k[x]/(x 2 ), then 
condition (2) tells us that 7r*C is free, where C is the cofiber of x ■ S. Since every map of free 
fc[x]/(x 2 )-modules is the coproduct of a trivial map, an isomorphism, and multiplication by 
x, it is easy to check that n^X is free for all X G thick(S'}. For arbitrary X € T, tt^X is the 
direct limit of a system of modules of the form n*X a , where X a G thick(S') ([8j 2.3.11]). 
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Since any direct limit of flat modules is flat, 7r*X is flat. Over k[x]/(x 2 ), flat implies free. 
This completes the proof. 

■ 

Remark 3.3. Let T be the category of projective modules over Z/(4) endowed with the 
triangulation associated to E = 1, and let S = Z/(4). It is, of course, the case that 7r* acts 
faithfully in this situation. However, the ring ir*S = (Biez ^/(^) * s no ^ S ra ded commutative, 
so this does not contradict Corollary 11.31 

Finally, we study the strong generating hypothesis. Write (S)® for the collection of 
retracts of finite coproducts of suspensions of S. As above, 7r* induces an equivalence of 
categories 

* /: <s)}— 

We have the following equivalent forms of the strong generating hypothesis. 

Proposition 3.4. Let T be a cocomplete triangulated category, and assume S is compact. 
The following are equivalent: 

(1) T satisfies the strong generating hypothesis. 

(2) thick(5) = {S)q, the collection of retracts of finite coproducts of suspensions of S. 

(3) For all X € thick {S}, ir*X is projective. 

If any one of the above conditions is satisfied, then the category Vf of finitely generated 
projective right tt^S -modules admits a triangulation with suspension functor £ = (— )[1]. 

Proof. (1) (2). Suppose T satisfies the strong generating hypothesis. As in the proof 

of Proposition 13.11 we see that any X £ thick(S'} is a retract of a coproduct of suspensions 
of S. Since S is compact, so is X; it must therefore be a retract of a finite coproduct. 
Hence, (1) implies (2). The converse is trivial. 

(2) <4=> (3). The proof of this equivalence is similar to the proof of its analogue in 
Proposition 13. 11 Note that we do not need to assume T = \oc(S) since thick(5) C loc(5). 

If any of these equivalent conditions hold, then $y may be used to endow Vf with a 
triangulation with suspension £ = (— )[1]. ■ 

Remark 3.5. This remark is a companion to Remark l3.21 Assume T is a monogenic stable 
homotopy category and a Brown category (see [8, 4.1.4]). For all X G T, it^X is the direct 
limit over a system of modules of the form 7r*X a , where X a E thick(S'}. Consequently, if 
T satisfies the strong generating hypothesis, then every realizable module is flat ([9, 4.4]), 
and every flat module is realizable (since (— ) (S^s F is representable for any flat module 
F). On the other hand, representability of cohomological functors implies that arbitrary 
products of ir*S are realizable. If every realizable module is flat, this forces ir*S to be 
coherent ([9l 4.47]). Now, for all X € thick(S), ir*X is a finitely presented flat module and 
therefore projective ([9j 4.30]). In summary, if T is a monogenic stable homotopy category 
and Brown category, then it satisfies the strong generating hypothesis if and only if the flat 
modules and realizable modules coincide. For example, in the derived category of a ring R, 
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every i?-module is realizable, and the strong generating hypothesis is true if and only if all 
modules are flat, if and only if R is von Neumann regular ([7]). 

We next show that, if either form of the generating hypothesis holds, then it also holds 
locally. For any 7r*S'-module M, let M p denote the localization of M at the prime ideal p. 
Suppose T is a cocomplete triangulated category with compact generator S. The proofs 
of 2.3.17] and [8j 3.3.7] show that there exists a localization functor L p on T such 
that 7r*LpX = (7r*X)p. We mean 'localization functor' in the sense of definition [HJ 3.1.1], 
omitting the condition involving smash products, since T may not have a product structure. 

In particular, the natural map Y ^L p Y induces an isomorphism 

(2) [L p Y,L p X},^[Y,L p X],. 

Call an object p-local if it lies in the image of L p , and let T p denote the full subcategory of 
p-local objects. Since S is compact, L p commutes with coproducts; hence, T p = loc(L p 5), 
and L p S is compact in T p . 

Proposition 3.6. Suppose T is a cocomplete triangulated category with compact generator 
S. If T satisfies the strong or global generating hypothesis, then so does T p for all prime 
ideals p in ir^S 

Proof. Consider a map / : L p X — ► L p Y. Because of the natural isomorphism (J2j) , / = if 
and only if / = / o lx = 0. For any a £ ir*X, we have a commutative diagram 

S^^X 
L P S *- L p X >- LpY. 

L p a f 

Hence, if [LpS,f]* = 0, then [S, /]* = 0. We immediately see that if T satisfies the global 
generating hypothesis, then so does T p . The same argument applies if T satisfies the strong 
generating hypothesis, because X is compact in T if and only if L p X is compact in Tp. ■ 

We end this section with the proof of Corollary 11.41 




Proof of Corollary \l-4\ Assume T satisfies the strong generating hypothesis. Since T is a 
monogenic stable homotopy category, the unit object S is a compact generator. Further, 
R = ir*S is commutative. By Propositions 13.6 1 and 13.41 R p is a A^-ring. Since it is a graded 
commutative local ring, it must be A 1 -ring by Proposition 12.81 By Proposition 12.51 R is 
either a graded field k or an exterior algebra k[x]/(x 2 ) over a field with a unit in degree 
3 1 a; | + 1. We turn now to the last statement of the corollary. 

Certainly, the global generating hypothesis always implies the strong generating hypoth- 
esis. Assume the strong generating hypothesis is true. By Proposition 13.41 R is a A^-ring. 
If R is local or Noetherian, then it is also a A 1 -ring by Proposition 12.81 or 12.101 We now 
wish to invoke Corollary 11.31 To do so, we must verify condition (2). Arguing as in the 
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proof of Corollary 11.31 it suffices to assume that R = k[x]/(x 2 ). For this ring, condition (2) 
is implied by the fact that tt*C must be free by the strong generating hypothesis. ■ 

4. Ring spectra 

In this brief section, we translate our results into the setting of ring spectra, where by 
'ring spectrum' we mean either a symmetric ring spectrum or an S'-algebra. Let E be a ring 
spectrum, and let T)(E) denote the derived category of -E-modules. As in §3, write {E)° 
for the collection of retracts of coproducts of suspensions of E; call these objects projective 
E-module spectra. Define E to be semisimple if every E'-module spectrum is projective (i.e., 
if T>(E) = (E)°), and call E von Neumann regular if every compact .E-module spectrum is 
projective (i.e., if thick(E') = (E)®). The relationship between such ring spectra and the 
generating hypothesis is given by 

Proposition 4.1. Let E be a ring spectrum. E is semisimple if and only ifD(E) satisfies 
the global generating hypothesis. E is von Neumann regular if and only if T>(E) satisfies 
the strong generating hypothesis. 

Proof. The category T>(E) is a cocomplete triangulated category with compact generator 
E. The characterization of semisimplicity follows from Proposition 13. 11 the characterization 
of von Neumann regularity follows from Proposition 13.41 ■ 

The following proposition shows that these definitions are consistent with the ones in 
ordinary ring theory. 

Proposition 4.2. Let HR denote the Eilenberg-Mac Lane spectrum associated to the ring 
R. HR is semisimple if and only if R is semisimple, and HR is von Neumann regular if 
and only if R is von Neumann regular. 

Proof. It is well-known (see, for example, O IV. 2. 4]) that the derived category of HR- 
module spectra is equivalent to the derived category of R- modules, T>{R). In [lOl §4] it is 
shown that T>(R) satisfies the global generating hypothesis if and only if R is semisimple, 
and in 1.3] it is shown that T>{R) satisfies the strong generating hypothesis if and only 
if R is von Neumann regular. ■ 

We would like to have a full classification of the semisimple and von Neumann regular 
ring spectra; we now summarize the application of the foregoing work to this problem. 

Proposition 4.3. Let E be a ring spectrum. Ifir*E is commutative, then 

(1) If E is semisimple, then tt^E = R\ X • • • X R n , where Ri is either a graded field k or 
an exterior algebra k[x]/(x 2 ) over a graded field containing a unit in degree S\x\ + 1 
(i.e., ir*E is a graded commutative A 1 -ring). 

(2) If E is von Neumann regular, then (tt*E)p is a graded commutative local A 1 -ring 
for every prime ideal p of n*E. 

If E is commutative, then 
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(3) E is semisimple if and only ifir^E is a graded commutative A 1 -ring and for every 
factor ring of tt^E of the form k[x]/(x 2 ), x ■ 7r*C ^ 0, where C is the cofiber of x-E. 

(4) Ifir*E is local or Noetherian, then E is semisimple if and only if E is von Neumann 
regular. 

According to [14], every simplicial, cofibrantly generated, proper, stable model category 
with a compact generator P is Quillen equivalent to the module category of a certain 
endomorphism ring spectrum End(P). This is true in particular for the derived category 
of a differential graded algebra. In light of the proof of Proposition 12.71 we see that every 
graded commutative Airing arises as ir*E for some (not necessarily commutative) ring 
spectrum E. Because of Proposition 14.31 (3), however, tt^E being a graded commutative 
A 1 -ring is not sufficient to conclude that E is semisimple. 
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